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Abstract. The emergent phenomenon of collective neutrino oscillations arises from neutrino-neutrino interactions in environments
with very large number of neutrinos. Since such environments are likely sites of the heavy-element synthesis, understanding all
aspects of collective neutrino oscillations seems to be necessary for a complete accounting of nucleosynthesis. I briefly summarize
some of the salient features along with recent work on the properties and astrophysical applications of the collective neutrino
oscillations.
INTRODUCTION
All astrophysical environments where synthesis of heavier elements is supposed to occur, may they be core-collapse
supernovae, merging neutron stars, or gamma-ray burst emitting objects, contain numerous neutrinos. For example a
proto-neutron star, formed following the emission of a core-collapse supernova, cools down by emitting neutrinos with
the total energy of ∼ 1059 MeV. If the average energy of each neutrino is ∼ 10 MeV, this corresponds to 1058 neutrinos
streaming out of the core in a short time. In such environments a proper description of the neutrino transport must
include neutrino-neutrino interactions, a Standard Model process usually omitted in all other applications of weak
interactions. When the neutrino transport is dominated by the coherent forward scattering of neutrinos, the effect is
proportional to GF (as opposed to G2F for collisions when it can be safely ignored). In the case of coherent forward
scattering the Hamiltonian which describes neutrino transport is given by
Hˆ =
∑
p
δm2
2p
B · Jp −
√
2GFNeJ0p
 +
√
2GF
V
∑
p,q
(
1 − cosϑpq
)
Jp · Jq (1)
where an auxiliary vector quantity
B = (sin 2θ, 0,− cos 2θ) (2)
is parameterized in terms of the neutrino mixing angle θ. In writing these equations, for simplicity we ignored an-
tineutrinos and assumed only two flavors. It is straightforward to relax this assumption [1]. Eq. (1) is written using the
neutrino flavor isospin algebras:
J+p = a
†
x(p)ae(p), J
−
p = a
†
e(p)ax(p),
J0p =
1
2
(
a†x(p)ax(p) − a†e(p)ae(p)
)
. (3)
where neutrino creation and annihilation operators, ae, a
†
e , ax, a
†
x are introduced. These operators span SU(2) algebras
labeled by each neutrino momenta. In Eq. (1) cosϑpq is the angle between neutrino momenta p and q and Ne is the
electron density in the medium. Unlike the one-body Hamiltonian of the matter-enhanced neutrino oscillations where
neutrinos interact with a mean-field (generated by the background particles other than neutrinos), the Hamiltonian
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describing the many-neutrino gas in a core-collapse supernova contains both one- and two-body terms, making it
technically much more challenging. Inclusion of the neutrino-neutrino interaction terms leads to very interesting
collective effects (for review articles see Refs. [2] and [3]). Such collective oscillations of neutrinos represent emergent
nonlinear flavor evolution phenomena instigated by neutrino-neutrino interactions in astrophysical environments with
sufficiently high neutrino densities.
Sometimes the term containing the angle between neutrino momenta is averaged over in an approximation known
as the single angle approximation:
HˆSA =
∑
p
δm2
2p
B · Jp −
√
2GFNeJ0p
 +
√
2GF
V
(
〈1 − cosϑpq〉
)∑
p,q
Jp · Jq. (4)
A further approximation, which can be applied to either the multi-angle Hamiltonian of Eq. (1) or the single-angle
Hamiltonian of Eq. (4), is the mean field approximation. In this approximation the two-body term is replaced by a
one-body term:
Jp · Jq → 〈Jp〉 · Jq + Jp · 〈Jq〉 (5)
where the averaging is done over an appropriately chosen state. Exactly how this state is chosen determines the physics
that is emphasized. The evolution of the system under the many-body Hamiltonian of Eq. (1) can be formulated as
a coherent-state path integral, and a possible mean-field approximation represents the saddle-point solution of the
path integral for this many-body system [1]. This is the most commonly used mean field approximation. One can
also consider the contribution of neutrino-antineutrino pairing to the mean field [4]. Such a mean field would be
proportional to the neutrino masses and could play a role in anisotropic environments [5].
EXACT SOLUTIONS
Bethe Ansatz
Exact solutions for the eigenstates of the Hamiltonian of Eq. (4) are easier to calculate in the mass basis
Hˆ =
∑
p
ωpJ0p + µ
∑
p,q
Jp · Jq (6)
where we introduced the neutrino flavor isospin operators in the mass basis:
J+p = a†2(p)a1(p), J −p = a†1(p)a2(p),
J0p =
1
2
(
a†2(p)a2(p) − a†1(p)a1(p)
)
, (7)
with
ωp =
m22 − m21
2p
=
δm2
2p
(8)
and
µ =
√
2GF
V
〈(
1 − cosϑpq
)〉
. (9)
In writing Eq. (6) we ignored the electron background since we would like focus on regions where neutrino-neutrino
interactions dominate. Note that the second term in this equation has the same form either in the mass or the flavor
basis. Eigenvalues and eigenvectors of the Hamiltonian in Eq. (6) can be calculated from the solutions of the Bethe
ansatz equations [6]:
−1
µ
−
∑
p
jp
ωp − xi =
N∑
j,i
1
xi − x j (10)
In this equation jp is the SU(2) quantum number associated with the algebra describing neutrinos with momentum p.
There are 2 jp+1 such neutrinos. Once the solutions of the coupled equations in Eq. (10) are identified, the eigenvectors
are given by ∑
p
a†2(p)a1(p)
ωp − x1

∑
p
a†2(p)a1(p)
ωp − x2
 · · ·
∑
p
a†2(p)a1(p)
ωp − xN

∏
p
a†1(p)
 |0〉 (11)
with |0〉 being the fermion vacuum, and the eigenvalues are given by
E = 2
∑
p,q
jp jq −
∑
p
ωp jp − Nµ
∑
p
jp − µ2N(N − 1) +
N∑
i=1
xi. (12)
Spectral splits
One interesting effect resulting from the collective neutrino oscillations is spectral swappings or splits, on the final
neutrino energy spectra: at a particular energy these spectra are almost completely divided into parts of different flavors
[7, 8]. In the single-angle limit of the full many-body Hamiltonian it was shown that the spectral split of a neutrino
ensemble, which initially consists of single flavor neutrinos, is analogous to the crossover from the BCS to the Bose-
Einstein condensate limits [9]. When one uses the mean field approximation for the two-flavor case, total neutrino
number is no longer conserved and needs to be enforced using a Lagrange multiplier. This Lagrange multiplier can
be interpreted as the critical energy where the spectral swap/split takes place [6]. These swaps may be independent of
the mean field approximation: In Ref. [10] the adiabatic evolution of a full many-body state of 250 electron neutrinos
with inverted hierarchy distributed in a thermal energy spectrum was followed as the value of µ decreased from a very
high value down to zero. It was found that the resulting split energy is the same as that was obtained in the mean-field
approximation.
To illustrate the spectral split behavior in the full-many body case, we consider a simple toy model with two
neutrinos ( j1 = j2 = 1/2) with momenta yielding values ω1 and ω2. For this simple case the Bethe ansatz equations,
Eq. (10) can be solved providing two different solutions for N = 1:
x± =
ω1 + ω2
2
+
1
2
µ ± 1
2
√
(ω1 − ω2)2 + µ2, (13)
and a pair of solutions for N = 2:
x1,2 =
ω1 + ω2
2
+
1
2
µ ± 1
2
√
(ω1 − ω2)2 − µ2. (14)
Note that the latter solutions become complex as µ gets very large. Let us assume that ω1 > ω2 > 0 and consider
N = 1 case. In Figure 1 we show solutions given in Eq. (13): upper two lines denote x+ for ω2/ω1 = 0.7 (upper thick
solid line) and ω2/ω1 = 0.3 (upper thin solid line) wheras lower two lines denote x− for ω2/ω1 = 0.7 (lower thick
dashed line) and ω2/ω1 = 0.3 (lower thin dashed line). This figure illustrates what seems to be a generic property of
the solutions of the Bethe ansatz equations: there is one solution that increases with increasing µ eventually becoming
infinite whereas the other solution remains finite. The solution which grows with µ is the solution which starts as ω1
at µ = 0 (other solution starts as ω2 at µ = 0). Note that ω1 is the larger of the two ω values and corresponds to the
smaller of the two values of neutrino momenta. For example, in the case of the adiabatic expansion of the neutrino
gas formed in a core-collapse supernova µ → ∞ represents the neutrinosphere region and µ ∼ 0 represents the outer
shells. Hence the behavior of the solutions described above gives us a hint on how neutrinos may exchange energy as
they travel away from the neutrinosphere. Here to be specific let us consider the adiabatic eigenstates. The normalized
eigenstates are given by
|ξ+〉 = 1N
 2a†2(p1)a1(p1)
η − µ − √η2 + µ2 − 2a
†
2(p2)a1(p2)
η + µ +
√
η2 + µ2
 a†1(p1)a†1(p2)|0〉 (15)
with η = ω1 − ω2 and
N2 = 4
 1
(η − µ − √η2 + µ2)2 + 1η + µ + √η2 + µ2
 . (16)
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FIGURE 1. Solutions of the Bethe ansatz equations given in Eq. (13). Upper two lines are x+ for ω2/ω1 = 0.7 (upper thick
solid line) and ω2/ω1 = 0.3 (upper thin solid line) wheras lower two lines are x− for ω2/ω1 = 0.7 (lower thick dashed line) and
ω2/ω1 = 0.3 (lower thin dashed line).
One can write a similar expression for |ξ−〉. One can easily show that as µ→ 0
lim
µ→0
|ξ+〉 = J+(p1)|0〉,
lim
µ→0
|ξ−〉 = J+(p2)|0〉 (17)
which are the eigenstates of the first term in Hamiltonian of Eq. (6) as expected. Similarly
lim
µ→∞ |ξ+〉 =
1√
2
(J+(p1) +J+(p2)) |0〉,
lim
µ→∞ |ξ−〉 =
1√
2
(J+(p1) − J+(p2)) |0〉. (18)
As an example let us consider the state
|ψ(µ)〉 = 1√
2
(|ξ+〉 + |ξ−〉) . (19)
From the expressions above we see that near the neutrinosphere such a state would be
|ψ(µ→ ∞)〉 = a†2(p1)a†1(p2)|0〉, (20)
i.e. the neutrino in the mass eigenstate 2 has momentum p1 and the neutrino in the mass eigenstate 1 has momentum
p2. Far away from the proto-neutron star this state would take the form
|ψ(µ→ 0)〉 = 1√
2
(
a†2(p1)a
†
1(p2) |0〉 − a†2(p2)a†1(p1) |0〉
)
, (21)
i.e. either mass eigenstate has equal probability to carry momenta p1 and p2. One should emphasize that, since the
above arguments assume ω1 > ω2, the evolution will be opposite in the inverted hierarchy case (when the signs of ωs
change) than in the normal hierarchy case.
Conserved quantities
It can be shown that there are additional conserved quantities commuting with the Hamiltonian in Eq. (6). They can
be written in terms of quantity [6]
hˆp = J0p + µ
∑
q,q,p
Jp · Jq
ωp − ωq . (22)
In fact the Hamiltonian can be written in terms of these quantities:
Hˆ =
∑
p
ωphˆp. (23)
The eigenvalues of hˆp when acted on the state in Eq. (11) are given by
p = µ
∑
q,q,p
jp jq
ωp − ωq − jp − µ jp
N∑
i=1
1
ωp − xi . (24)
Three flavors and CP Violation
In the previous sections we ignored the third flavor state as well as antineutrinos. A third flavor can be incorporated by
introducing SU(3) as the neutrino flavor isospin algebras for each momenta and antineutrinos require a second set of
the SU(3) algebras. One can investigate the symmetries of the problem in the full three flavor mixing scheme and in
the exact many-body formulation, and in addition include the effects of CP violation and neutrino magnetic moments
[11]. One finds that, similar to what was discussed above, several dynamical symmetries exist for three flavors in the
single-angle approximation if the net electron background in the environment and the effects of the neutrino magnetic
moment are negligible. These dynamical symmetries are present even in the presence of CP-violating phases. One
can explicitly write down the constants of motion through which these dynamical symmetries manifest themselves
in terms of the generators of the SU(3) flavor transformations. In this case the effects due to the CP-violating Dirac
phase factor out of the many-body evolution operator and evolve independently of nonlinear flavor transformations if
neutrino electromagnetic interactions with external magnetic fields are ignored [11].
COLLECTIVE OSCILLATIONS FOR THE νp PROCESS
An example of the application of multi-angle three-flavor calculations was recently given in Ref. [12] where the effects
of collective neutrino oscillations on νp process nucleosynthesis in proton-rich neutrino driven winds were studied by
coupling neutrino transport calculations with nucleosynthesis network calculations. Collective neutrino oscillations
transform the spectra of all neutrino species, but of particular importance is the modification of the electron neutrino
and electron antineutrino energy distributions: the capture of νe and ν¯e on free nucleons determine the neutron-to-
proton ratio, hence the yields of nucleosynthesis.
In simple spectral split scenarios motivated by the single-angle collective oscillations abundances of p-nuclei are
enhanced when the outflows are proton rich [13]. However the single-angle approximation, since it ignores angular
correlations, changes the onset of the collective oscillations. For example, nucleosynthesis yields are drastically dif-
ferent between single-angle and multi-angle calculations of the supernova r-process [14]. A complete spectral swap
as obtained in calculations with the single-angle approximation do not seem to emerge from the multi-angle calcu-
lations: in both hierarchies the onset of collective oscillations are delayed as compared with that in the single angle
approximation.
In Ref. [12] calculations were carried out for two proton-rich neutrino-driven winds at t = 0.6 s and t = 1.1 s after
the core bounce in a one-dimensional explosion simulation model. For the early wind trajectory collective neutrino
oscillations in the inverted mass hierarchy increase the energetic νe flux in the region where the νp nucleosynthesis
takes place. However, in the later wind trajectory oscillations increase energetic ν¯es leading to an enhancement of the
νp process, about up to 20 times larger than that was obtained in Ref. [13]. The fact that the enhancement is dominated
by the later wind suggests that model dependence of these results may not be too strong.
Of course uncertainties of the initial neutrino fluxes as well as hydrodynamic quantities such as the wind velocity
could alter these conclusions. If the luminosities and the energies of the neutrino fluxes for different flavors are
similar, then the effects of the neutrino oscillations would be minimized. However, it is clear that collective neutrino
oscillations can significantly influence the νp process yields and further systematic studies of neutrino physics and
hydrodynamics input would be very useful.
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